INTRODUCTION:
This paper summarizes the most important statistical background for the graduate course, advanced quality control (SE-534). Most of the topics presented in this paper are needed during this course. This paper presents six main topics. These topics are: random variables, probability distributions, functions of random variables, central limit theorem, confidence estimation and basic idea of quality and quality improvement. 
This paper starts by presenting a definition for a random variable and its two types. Then, it presents the probability distributions with an example. After that, it presents the discrete random variable with its probability mass function, cumulative distribution function, mean, variance, functions of the discrete random variables and the most important distributions. Then, it covers the same previous sections but in the case of continuous probability distributions. After that, it covers the central limit theorem and confidence estimation. Finally, it gives a brief idea about the quality and quality improvement.
I. Random Variables: 
The outcome of an experiment need not be a number, for example, the outcome when a coin is tossed can be 'heads' or 'tails'. However, we often want to represent outcomes as numbers. A random variable is a function that assigns a real number to each outcome in the sample space of a random experiment. As an example of a random variable, consider the experiment of tossing a coin ten times. The random variable X is the number of tails that are noted. X can only take the values 0, 1, 2, 3,…, 10.
There are two types of random variables: 
a. A discrete random variable: is a random variable with a finite (or countably infinite) range. Examples of discrete random variables include the number of children in a family, the Friday night attendance at a cinema, the number of patients in a doctor's surgery, the number of defective light bulbs in a box of ten.
b. A continuous random variables: is a random variable with an interval (either   finite or infinite) of real numbers for its range. For example, a light bulb is burned until it burns out. The random variable Y is its lifetime in hours. Y can take any positive real value, so Y is a continuous random variable.
II. Independence and Covariance:
The two random variables X and Y are independent if the realization of one value provides no information about the likely outcome of the other, means:
· P(X ∩ Y) = P(X) P(Y).

· P( X│Y) = P(X).   
If X and Y are independent random variables then, Cov(X, Y) = 0.
Proof:

Consider the discrete outcomes (X, Y)

Cov (X, Y) = E[(X-μx)(Y-μY)] = 
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P(Xi, Yj) is the probability we will observe outcomes Xi, Yj, so

P(Xi, Yj) = P(Xi ∩ Yj)

Rewrite P(Xi, Yj) to reflect independence, P(Xi, Yj) = P(Xi ∩ Yj) = P(Xi) P(Yj)

E[(X-μx)(Y-μY)] = 
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For all values of Y, P(X) does not vary, therefore, we can take it outside the summation, so E[(X-μx)(Y-μY)] = 
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Note that 
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, therefore, 
E[(X-μx)(Y-μY)] = 0.

So, if X and Y are independent random variable, then Cov(X, Y)  0.

III. Probability Distributions:

Our interest often centers on the probability that a random variable assumes a        particular value. The probability distribution of a random variable X is a description of the probabilities associated with the possible values of X.

For example, there is a chance that a bit transmitted through a digital transmission channel is received in error. Let X equal the number of bits in error in the next for bits transmitted. The possible values for X are {0, 1, 2, 3, 4}. Based on a model for the errors, probabilities for these values will be determined. Suppose that the probabilities are:
   P(X = 0) = 0.6561

   P(X = 1) = 0.2916

   P(X = 2) = 0.0486

   P(X = 3) = 0.0036

   P(x = 4) = 0.0001

   The probability distribution of X is specified by the possible values along with the probability of each.                            

IV. Discrete Random Variables and Probability Distributions:
For a discrete random variable, the distribution can be described by a function that specifies the probability at each of the possible discrete values of X. This function is called the probability mass function. 
a. Probability mass function:

More formally, the probability distribution of a discrete random variable X is a function which gives the probability f (xi) that the random variable equals xi, for each value xi: 
f (xi) = P(X = xi) 
            It satisfies the following conditions:

   1. 0 ≤ f (xi) ≤ 1.   
   2. ∑ f (xi) = 1.
b. Cumulative distribution function:
The cumulative distribution function of a discrete random variable X, denoted as F(x), is

                               F(x) = P(X ≤ x) = 
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For a discrete random variable X, F(x) satisfies the following properties:

   1. F(x) = P(X ≤ x) = 
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   2. 0 ≤ F(x) ≤ 1

   3. If x ≤ y, then F(x) ≤ F(y)

Example: Given the probability mass function of X in the example at part G, what is the cumulative distribution function of X ?

Solution:

                 F(0) = P(X ≤ 0) = 0.6561

                 F(1) = P(X ≤ 1) = 0.6561 + 0.2916 = 0.9477

                 F(2) = P(X ≤ 2) = 0.6561 + 0.2916 + 0.0486 = 0.9963
                 F(3) = P(X ≤ 3) = 0.6561 + 0.2916 + 0.0486 + 0.0036 = 0.9999

                 F(4) = P(X ≤ 3) = 0.9999 + 0.0001 = 1

c. Mean and variance of a discrete random variable (General form):

The mean or expected value of the discrete random variable X, denoted as µ or E(X) is: 

                   µ = E(X) = 
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Some important properties of the mean:

1. E (cX) = cE(X).

Proof:
E(cX) = 
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2. E (
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E(Xi) even if the Xi’s are dependent.
The variance of X, denoted as σ2 or V(X), is:

      σ2 = V(X) = E(X - µ) 2 = 
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The variance has the following properties:

1. Var(X) ≥ 0

2. Var(cX) = c2 Var(X)

Proof:
Var(cX) = E[(cX – cμ)2] = E[c2.(X – μ)2] = c2.E[(X – μ)2] = c2.Var(X)
3. Var(
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 if the Xi’s are independent.

Example: Referring to the example in part G, find the mean and the variance?

Solution: 

µ = E(X) = 0f(0) + 1f(1) + 2f(2) + 3f(3) + 4f(4)

               = 0(0.6561) + 1(0.2916) + 2(0.0486) + 3(0.0036) + 4(0.0001)

               = 0.4
  σ2 = V(X) = 
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d. Functions of discrete random variables:

For simplicity, we begin by considering random experiments in which only two random variables are studied.
1. Joint probability distribution:
The joint probability mass function of the discrete random variables X and Y, denoted as fxy (x, y), satisfies:

· fxy (x, y) ≥ 0

· 
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· fxy (x, y) = P(X = x, Y = y)
2. Marginal probability distribution:

If X and Y are discrete random variables with joint probability mass function fxy (x, y), then the marginal probability mass functions of X and Y are:

           fX(x) = P(X = x) = 
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           fY(y) = P(Y = y) = 
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                   Where, 

                   Rx denotes the set of all points in the range of (X, Y) for which X = x, and

                   Ry denotes the set of all points in the range of (X, Y) for which Y = y.

                   Example, suppose that X and Y are jointly discrete random variables with

                   P(x, y) =       
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Then, PX (x) = 
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PY (y) = 
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Since PX (x) PY (y) = 
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 = P(x, y) for all x, y, the random variables X and Y are independent.
By definition, two random variables are independent if,

 fXY (x, y) = fX(x) fY(y)  for all x and y.       

3. The mean and the variance:

E(aX + bY) = aE(X) + bE(Y) 
Proof:

E(aX + bY) = 
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                    = a E(X) + b E(Y)

Var(aX + bY) = a2 Var(X) + b2 Var(Y) + 2ab Cov(X, Y)

Proof:

As a shorthand notation, let μX = E(X) and μY = E(Y). Then, 

Var (X, Y) = E [(aX + bY) – (μX + μY)]2

= E [(aX - μX) + (bY - μY)]2

= E [(aX - μX)2 + 2(aX - μX) (bY - μY) +(bY - μY)2]

= E [(aX - μX)2] + 2E[(aX - μX) (bY - μY)] + E[(bY - μY)2]


= a2 Var(X) + 2ab Cov(X, Y) + b2 Var(Y)
e. Important discrete probability distributions:
1. Binomial distribution:
Definition:

A random experiment consisting of n repeated trials such that:

1. the trials are independent.

2. each trial results in only two possible outcomes, labeled as "success" and " failure", and
3. the probability of a success in each trial, denoted as p, remains constant,

is called a binomial experiment.

The random variable X that equals the number of trials that result in a 
[image: image31.wmf]success has a binomial distribution with parameters p and n = 1, 2, …
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Figure 1. Probability mass function of Binomial distribution.
Probability mass function: (see figure 1)
The probability mass function of X is 

f(x) = 
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Cumulative distribution function:


0                          if x < 0

                               F(x) =      
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    if 0 ≤ x ≤ n

1                                if  n < x
Parameters:
n = a positive integer.

p Є (0, 1).

Range: 

x Є {0, 1, 2, …, n}.

Mean = np

Variance = np(1 - p)

Possible applications:

Number of success in n independent Bernoulli trials with probability of success on each trial; number of defective items in a batch of size n; number of items in a batch of random size; number of items demanded from an inventory.
2. Geometric distribution:

Definition:

In aseries of independent Bernoulli trials, with constant probability p of a success, let the random variable X denote the number of trials until the first success. Then X has a Geometric distribution with parameter p.
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    Figure 2. Probability mass function of Geometric distribution.
Probability mass function: (see figure 2)
f(x) = (1 – p) x-1  p           , where x = 1, 2, …
Cumulative distribution function:

 F(x) =         1 - 
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0 otherwise

Parameters:
P Є (0, 1)

Range:

x Є {1, 2, …}

Mean:

E(X) = 1/p

Variance:

V(X) = (1-p) / p2
Possible application:

Number of items inspected before encountering the first defective item; number of items in a batch of random size; number of items demanded from an inventory.

3. Hypergeometric distribution:

Definition:

A set of N objects contains: K objects classified as successes and N-K objects classified as failures. 

A sample of size n objects is selected, at random (without replacement) from the N objects, where K ≤ N and n ≤ N.

Let the random variable X denote the number of successes in the sample. Then X has a Hypergeometric distribution.

Probability mass function:

f(x) = 
[image: image39.wmf]÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

-

÷

÷

ø

ö

ç

ç

è

æ

n

N

x

n

K

N

x

K

           , where x = max{0, n+K-N} to min{K, n}

Parameters:
K ≤ N

n ≤ N

Range:

x = max {0, n + K- N} to min {K, n}

Mean:

E (X) = np     where, p = K/N
Variance:

Var (X) = np (1 – p) 
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Possible applications:

Number of items selected randomly without replacement from a batch ; number of customers in a sample that have purchased from a corporation in the last three months.
V. Continuous Random Variables and Probability Distributions:

Previously, we discussed the discrete random variables and its probability function, cumulative function, mean, variance, functions and the important distributions. In this section, we are going to follow the same steps but for the continuous probability distribution.

a. Probability density function:
For a continuous random variable X, a probability density function is a function such that:
1. f(x) ≥ 0

2. 
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3. P(a ≤ X ≤ b) = 
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b. Cumulative distribution function:

The cumulative distribution function of a continuous random variable X is :

F(x) = P(X ≤ x) = 
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c. Mean and variance of a continuous random variable (General form):

Suppose X is a continuous random variable with probability density function f(x). The mean or expected value of X, denoted as μ or E(X), is:

μ = E(X) = 
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The variance of X, denoted as V(X) or σ2, is:

σ2 = V(X) = 
[image: image45.wmf]ò

ò

¥

¥

-

¥

¥

-

-

=

-

2

2

2

)

(

)

(

)

(

m

m

dx

x

f

x

dx

x

f

x


d. Functions of continuous random variables:

Our presentation of the joint probability distribution of two continuous random variables is similar to our discussion of two discrete random variables.
1. Joint probability distribution:

A joint probability density function for the continuous random variables X and Y, denoted as fxy(x, y), satisfies the following properties:

· fXY(x, y) ≥ 0 for all x, y.

· 
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· for any region R of two-dimensional space, 

P([X, Y] Є R) = 
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2. Marginal probability density function:

If the joint probability density function of continuous random variables X and Y is fXY(x,y), then the marginal probability density functions of X and Y are:

fX(x) = 
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fY(y) = 
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Where, 
Rx denotes the set of all points in the range of (X, Y) for which X = x.

                   Ry denotes the set of all points in the range of (X, Y) for which Y = y.
e. Important continuous probability distributions:

1. Normal distribution:
Definition:

A random variable X with probability density function:

f(x) = 
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      for - ∞ < x < ∞

has a normal distribution with parameters:

μ     where - ∞ <  μ < ∞ , and

σ     where σ > 0.
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Figure 3. Probability density function of Normal distribution.
Standard normal random variable:

A normal random variable with μ = 0 and σ2 = 1 is called a standard normal random variable and is denoted as Z.

Suppose X is a normal random variable with mean μ and variance σ2. Then:

P(X ≤ x) = P (
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) = P(Z ≤ z)      where, 

Z is a standard normal random variable, and

z = (x – μ)/σ is the z-value obtained by standardizing X.

The probability is obtained by entering Appendix Table II with z = (x – μ)/σ.
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Figure 4. Probability density function of standard normal Distribution.

Parameters:

Location parameter μ Є (- ∞, ∞)
Scale parameter σ > 0.

Range:

x Є (- ∞, ∞).

Mean: E (X) = μ.

Variance: V(X) = σ2 
Possible application:

Errors of various types, e.g., grades of students; quantities that are the sum of a large number of other quantities.
2. Exponential distribution:

Probability density function:
f(x) = 
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Figure 5. Probability density function of exponential distribution.
Cumulative distribution function:

F(x) = 1 - 
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Parameters:

Scale parameter β > 0.

Range:

X Є [0, ∞)

Mean = β

Variance = β2
Possible application:

Interarrival time of customers to a system that occurs at constant rate; time to failure of a piece of equipment.
3. Weibull distribution:

Probability density function:

f(x) =      
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Cumulative distribution function:

F(X) =         1 - 
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Shape parameter 
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Possible applications:

Time to complete some task, time to failure of a piece of equipment.
VI. Central Limit Theorem:
This theorem states that if a sample is taken from a population that has an unknown probability distribution, the sampling distribution of the sample mean will always be normal with mean 
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Proof:

Consider the inverse Fourier transform of   
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Now expand 
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Taking the Fourier transform, 
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This is of the form 
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. But, from Abramowitz and Stegun (1972, p. 302, equation 7.4.6), 
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Therefore, 
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The "fuzzy" central limit theorem says that data which are influenced by many small and unrelated random effects are approximately normally distributed. 

The central limit theorem is considered to be the basics for:

1. Estimation.

2. Control charts.

3. Testing of hypothesis.

VII. Estimation:
      There are two types of estimation. These are:

a. Point estimation: a point estimate of some population parameter 
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 is a single numerical value 
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As an example, the sample mean is a point estimate of the unknown population mean
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. That is 
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Similarly, if the population variance 
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 is also unknown, a point estimator for 
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is the sample variance
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, and the numerical value 
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= 6.9 calculated from the sample data is called the point estimate for
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Properties of Estimators:

· Unbiased Estimators: The point Estimator 
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 is an unbiased estimator for the parameter 
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are unbiased estimators of 
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respectively. 

· Minimum Variance: If we consider all unbiased estimators of
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, the one with the smallest variance is called the smallest variance unbiased estimator (MVUE).

b. Confidence Estimation: In many situations, a point estimate of a parameter does not supply complete information to an engineer. Another approach is to use a confidence interval to express degree of uncertainty associated with a point estimate. A confidence interval estimate of an unknown parameter
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 is an interval of the form
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 for a particular sample. Since different samples will produce different values of 
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 and, consequently, different values of the end-points 
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, these end-points are values of random variables, say, L and U, respectively. From the sampling distribution of the statistic mean 
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 we will be able to determine values of L and U such that the following probability statement is true:
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[image: image163.wmf]£

£

q

U) = 1- 
[image: image164.wmf]a

 

where    0 
[image: image165.wmf]1

£

£

a

     
Thus, we have a probability of 1- 
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 of selecting a sample that will produce an interval containing the true value of 
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The resulting interval   
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  is called a 100(1- 
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) percent confidence interval for the parameter
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 are called the lower and upper confidence limits, respectively. And 1- 
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 is called the confidence coefficient. 

The interpretation of confidence interval is that if an infinite number of random samples are allocated and a 100(1- 
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) percent confidence interval for 
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 is computed from each sample, then 100(1- 
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) percent of these intervals will contain the true value of 
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· Confidence Interval on the Mean with Variance Known:
Consider the random variable 
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 with unknown mean 
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and known variance
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. Suppose a random sample of n observations is taken, say 
[image: image181.wmf]1

x

, 
[image: image182.wmf]2

x

, ……., 
[image: image183.wmf]n

x

 

and 
[image: image184.wmf]x

is computed. Then the 
100(1- 
[image: image185.wmf]a

) % two sided confidence interval on 
[image: image186.wmf]m

is:



[image: image187.wmf]x

- Z
[image: image188.wmf]2

a

 
[image: image189.wmf]£

n

s

  
[image: image190.wmf]m
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 is the percentage point of the N (0,1) distribution such that P{
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and this value can be read directly from the standard normal table.

Example:

Aircrew escape systems are powered by a solid propellant. The burning rate of this propellant is an important product characteristic. Specifications require that the mean burning rate must be 50 cm/s. We know that the standard deviation of burning rate is   
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= 2 cm/s. The experimenter selected a random sample of 
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= 25 and obtains a sample average burning rate of 
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= 51.3 cm/s. construct a 95% confidence interval on the mean burning rate.


A 95% confidence interval implies that (1- 
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) = 0.95, so 
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= 0.05 and from the standard normal table Z
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·     Confidence Interval on the Mean with Variance unknown:
Suppose that 
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 is a normal random variable with unknown mean 
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and unknown variance
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Example:
The mean tensile strength of a synthetic fiber is an important quality characteristic that is of interest to the manufacturer, who would like to find a 95% confidence interval estimate on the mean. From past experience, the manufacturer is willing to assume that tensile strength is approximately normally distributed. However, both the mean tensile strength and standard deviation of tensile strength are unknown. A random sample of 16 fiber specimens is selected, and their tensile strengths are determined. The sample mean 
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= 49.86 psi, and the sample standard deviation         
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· Confidence Interval on a proportion:
If 
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is the proportion of observations in a random sample of size 
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 that belongs to a class of interest, then an approximate 100(1- 
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) percent confidence interval on the proportion 
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 percentage point of the standard normal distribution.

Example:
        In a random sample of 85 automobile engine crankshaft bearings, 10 have a surface finish that is rougher than the specifications allow. Therefore, a point estimate of the proportion of bearings in the population that exceeds the roughness specification is      
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This simplifies to:



0.05   
[image: image296.wmf]£

   
[image: image297.wmf]p

  
[image: image298.wmf]£

   0.19

VIII. Basic Ideas of Quality:

· Quality can be defined as fitness for use.
· Dimensions of Quality:

1. Performance (will the product do the intended job?)

2. Reliability (how often does the product fail?)

3. Durability (how long does the product last?)

4. Serviceability (how easy is it to repair the product?)

5. Aesthetics (what does the product look like?)

6. Features (what does the product do?)

7. Perceived Quality (what is the reputation of the company or its products?)

8. Conformance to standards (is the product made exactly as the designer intended?) 

· Quality starts at the design stage. Many of the quality problems are direct results of a bad design. Therefore, a lot of time should be spent on the design stage.

· Quality is inversely proportional to variability. There is a certain amount of variability in each product. Consequently, no two products are ever identical.

· Before trying to improve the quality of a certain product or a process, i.e. reduce the variability, the quality of this product or process has to be controlled. That is to say, any process that is out of control can never be improved.

· The most commonly used distributions in quality include: Normal, Exponential and Wiebull for continuous random variables, Binomial, Hypergeometric and Geometric for discrete random variables.
· Applications of  probability distributions in quality control:

	Probability distribution
	Applications in quality control

	Normal distribution
	Control charts, estimation of quality parameters



	Exponential distribution
	Interarrival of process failures



	Weibull distribution
	Interarrival of process failures



	Binomial distribution
	Inspection plans



	Hypergeometric distribution
	Inspection plans

	Geometric distribution
	Optimal design of control chart, optimal design of inspection plan


· There are 4 different approaches for quality:

1. Inspection plans.

2. Process control.

3. Process Targeting.

4. Quality Engineering (Tagouchi approach).

· A production process can be thought of as a system that has inputs and outputs as shown on the next page:
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Figure 6. A production process.

The inputs 
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 are controllable factors, such as temperatures, pressures, feed rates, and other process variable. The inputs 
[image: image301.wmf]q

z

z

z

,........,

,

2

1

 are uncontrollable (or difficult to control) inputs, such as environmental factors or properties of raw materials submitted by the vendor. The manufacturing process transforms these inputs into a finished product that has several quality characteristics. The output variable y is a measure of process quality. 

· Quality has different categories of costs that are associated with producing, identifying, avoiding or repairing products that do not meet requirements. Many manufacturing and service organizations use four categories of quality costs. These categories with their subcategories are summarized below:
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