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ABSTRACT 

Erosion is one of the important problems in various gas and liquid flow passages such as flow in 
pipes, pumps, turbines, compressors and many others.  This paper deals with erosion prediction in a 
pipe with sudden contraction for the special case of two-phase (liquid and solid) turbulent flow with 
low sand particle concentration. The mathematical models for the calculations of the fluid velocity 
field and the motion of the solid particles have been established and an erosion model was used to 
predict the erosion rate. The fluid velocity (continuous phase) model is based on the time-averaged 
governing equations of axisymmetric turbulent flow while the particle-tracking model (discrete phase) 
is based on the solution of the governing equation of each particle motion taking into consideration 
the effect of particle rebound behavior. The solid particle concentration is assumed very small (volume 
ratio < 10-3) such that the particles are not interacting within the flow field.  It is also assumed that the 
solid particles motion has negligible effect on the fluid velocity. The effects of flow velocity and 
particle size were investigated considering water flow in a carbon-steel pipe with a sudden contraction 
of diameter ratio of 2:1. The results show the strong dependence of erosion on both flow velocity and 
particle size.  The results also indicate the presence of a flow threshold velocity below which the 
erosion rate is negligibly small. 

Keywords: erosion prediction, two phase flow particle-tracking. 
 الملخص

 والضـواغط   والتوربينـات، ل الأنابيب، والمضخات،     من المشكلات الرئيسية في كثير من أنظمة الانسياب مث         التآكل يعد

 الورقة البحثية بدراسة تأثير معـدل الانسـياب         هذهتختص  . وغيرها، التي تستخدم في كثير من شركات الغاز والبترول        

 معدل تأثير التآكل في الأنابيب ذات التضييق المفاجئ تحت ظـروف مماثلـة              علىوحجم الجسيمات الصلبة مثل الرمل      

 . الفعليةلتشغيلالظروف 

 تم استنباط تفاصيل الانسياب، وكذلك تفاصيل انسياب الأجسـام الصـلبة            خلالها تم تطوير الدراسة العددية التي من        لقد

 الأجـزاء ذات    ولتحديـد كما تم استخدام هذه المعلومات مع معادلات التآكل لحساب معـدلات التآكـل،              . الأنبوبداخل  

 لا تتفاعل مع انسياب الموائـع وأن تأثيرهـا   أنهاجم صغير للجسيمات الصلبة بحيث معدلات التآكل الأعلىتم افتراض ح   

 .تجاهلهعلى معدل إنسياب الموائع يمكن 

 ماء يحتوي على جسيمات صلبة ذات أحجام صغيرة داخل أنبوب مصنوع مـن الحديـد                انسياب تمت الدراسة على     لقد

 التأثير الواضـح لمعـدلات الانسـياب وحجـم          النتائج هرتظ .١ إلى ٢ وذا تضييق مفاجئ بنسبة قطرية الكربوني،

 وجود حد أدنى لمعدل الانسياب تكون فيه معدلات التآكل ليست ذا تـأثير              وكذلكالجسيمات الصلبة على معدلات التآكل      

 . تسبب مشكلةلاوبالتالي 
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1. INTRODUCTION 

Erosion is one of the serious problems in various flow processes such as flow in pipes, pumps, 
turbines, compressors and many others. Accurate prediction of erosion requires detailed 
investigation of the solid particle motion before and after impact.  Most flows occurring in 
industrial processes are turbulent which makes the particle trajectory and impact 
characteristics difficult to predict taking into consideration all fluid forces acting on the 
particle.   

Erosion research can be classified under three categories; experimental investigations, erosion 
model developments, and numerical simulations. Most of the experimental studies determine 
the rate of erosion in pipes and pipe fittings and its relation with the other parameters involved 
in the process.  Among these studies are the works by Roco et al. (1984), Venkatesh (1986), 
and Shook et al. (1987).  The recent experimental study by McLaury et al. (1997) on erosion 
inside elbows and straight pipes provided correlations between the penetration rate and the 
flow velocity at different values of the elbow diameter and sand rate and size. Edwards et al. 
(2000) reported the effect of the bend angle on the normalized penetration rate.  The objective 
of most of these studies was to provide data for establishing a relationship between the 
amount of erosion and the physical characteristics of the materials involved, as well as the 
particle velocity and angle of impact.  Blanchard et al. (1984) carried out an experimental 
study of erosion in an elbow by solid particles entrained in water.  

A number of erosion models/correlations were developed to provide a quick answer to design 
engineers in the absence of a comprehensive practical approach to be used for erosion 
prediction.  One of the early erosion prediction correlations is that developed by Finnie (1958) 
expressing the rate of erosion in terms of particle mass and impact velocity. Nesic (1991) 
found that Finnie's model overpredicts the erosion rate and presented another formula in terms 
of a critical velocity rather than the impact velocity.  Other erosion models were suggested by 
Salama and Venkatesh (1983), McLaury (1993) and Jordan (1998). Recently, Shirazi and 
McLaury (2000) presented a model for predicting multiphase erosion in elbows.  An 
important different feature of this model was the use of the characteristic impact velocity of 
the particles.   

The use of computational methods in erosion prediction constitutes a combination of flow 
modeling, Lagrangian particle tracking, and the use of erosion correlations.  This approach is 
called the Lagrangian approach. Lagrangian models were developed by many researchers 
such as Wang et al. (1996), Keating and Nesic (2000) and Wallace et al. (2000). Wang et al. 
(1996) developed a computational model for predicting the rate of erosive wear in a 90° elbow 
for the two cases of sand in air and sand in water.  

To the best of the authors’ knowledge, most of the published work on erosion in pipes focused 
on straight pipes and pipe fittings such as bends and elbows.  The erosion process occurring in 
a pipe with sudden contraction or sudden enlargement was not considered in any previous 
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study. The present research work aims at studying the effects of flow velocity and particle size 
on erosion in a pipe contraction under conditions simulating the actual working conditions. 

 

2. PROBLEM STATEMENT AND METHOD OF SOLUTION 

The problem considered is that of erosion in a large pipe of diameter, D=200 mm, connected 
to a small pipe of diameter, d, as shown in Figure 1 with diameter ratio 2:1. The pipe 
centerline is always vertical while the direction of fluid flow is either upward or downward.   
Both pipes are made of carbon steel and the length of each pipe is chosen in such a way to 
justify the assumption of fully developed flow at the entrance and exit sections of the flow 
domain.  The fluid considered is water at 20°C with low particle concentration such that the 
effect of particle motion on the fluid flow field is negligibly small. The main parameters 
affecting the erosion in the up-flow and down-flow configurations are the flow velocity and 
particle size and concentration.  The Lagrangian particle tracking method is used to model the 
erosion process and is normally carried out utilizing the following steps [Wallace et al. 
(2000)]: 

 
a) Predict the flow velocity field in the domain of interest. 

b) Calculate the trajectories of solid particles entrained in the fluid using Lagrangian 
particle tracking calculations and then extract the particle impact data. 

c) Predict the erosive wear using semi-empirical equations. 
 

The approach represents a one-way flow-to-particle coupling method that can be used 
when low volume of particles is simulated.  Two computational models were developed.  The 
first is the continuous phase model (dealing with the prediction of the flow velocity field) and 
the second is the particle-tracking model (dealing with the prediction of particle motion).  
A brief discussion of the two models is presented in the following sections.   

 

2.1    THE CONTINUOUS PHASE MODEL 

A combination of computational fluid dynamics and Lagrangian particle tracking are normally 
used to predict the particle movement through complex geometries. To predict the flow 
pattern of the continuous flow phase, the conservation equations for mass and momentum are 
solved together with the transport equations for the turbulence model. The time-averaged 
governing equations of axisymmetric turbulent flow can be found in many references [Habib 
et al. (1989) and Versteeg and Malalasekera (1995)] and can be presented as follows. 

 ( ) 0=j
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where p is the static pressure and the stress tensor 
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where ijδ  is the Kronecker delta and  µµµ += teff  is the effective viscosity. The turbulent 

viscosity, tµ , is calculated using the high-Reynolds number form as 
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with 0845.0=µC [Reynolds 1987], k and ε are the kinetic energy of turbulence and its 

dissipation rate. These are obtained by solving the following conservation equations 
[Reynolds (1987) and Shih et al. (1995)]: 
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where Gk represents the generation of turbulent kinetic energy due to the mean velocity 
gradients and is given by 
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The quantities kσ and εσ  are the effective Prandtl numbers for k and ε, respectively and C*
2  is 

given by Shih et al. (1995) as 

C*
2  = C2 + C3 (8) 

where C3 is a function of the term ε/k  and, therefore, the model is responsive to the effects 
of rapid strain and streamline curvature and is suitable for the present calculations. The model 
constants C1 and  C2 have the values; C1=1.42  and C2 =1.68.  The wall functions establish the 
link between the field variables at the near-wall cells and the corresponding quantities at the 
wall. These are based on the assumptions introduced by Launder and Spalding (1974) and 
have been most widely used for industrial flow modeling. The details of the wall functions are 
provided by the law-of-the-wall for the mean velocity as given by Habib et al. (1989). 
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The velocity distribution is considered fully developed at the inlet section.  The kinetic energy 

of turbulence is assigned the value 
2

01.0 Uk =  while the dissipation rate of turbulent kinetic 

energy is specified using equation (4) with tµ  expressed in terms of a length scale L, where L 

was taken equal to the inlet pipe diameter.  The boundary condition applied at the exit section 
is that of fully developed pipe flow. At the wall boundaries, all velocity components are set to 
zero in accordance with the no-slip and impermeability conditions. Kinetic energy of 
turbulence and its dissipation rate are determined from the equations of the law of the wall. 

The conservation equations are integrated over a typical volume that is formed by division of 
the flow field into a number of control volumes, to yield the solution. The equations are 
solved simultaneously using the solution procedure described by Patankar (1980). 
Calculations are performed with at least 300,000 control volumes considering small volumes 
in the vicinity of the contraction section where the variations of flow properties are expected 
to be large. This large number of control volumes ensures grid independent results. 
Convergence is considered when the maximum of the summation of the residuals of all the 
elements for U, V, W and pressure correction equations is less than 0.1 %. 

2.2 PARTICLE TRACKING 

The particle tracking calculations aim to determine the particle trajectory as well as its 
velocity (magnitude and direction) before every impact either on the pipes walls or anywhere 
on the tube sheet.  Such impact velocity is not only important for the calculation of solid 
surface erosion but also important in the determination of the particle trajectory during its 
subsequent course of motion following impact.  In this work, the solid particles are assumed 
not to interact with each other and the influence of particle motion on the fluid flow field is 
assumed very small and can be neglected.  These two assumptions are based on the condition 
of fairly dilute particle concentration. The same assumptions were made by many researchers 
such as Lu et al. (1993), Shirazi et al. (1995), Edwards et al. (2000), and Wallace et al. (2000) 
in the solution of similar problems of low particle concentration (less than 2–3% by weight).  
Taking the main hydrodynamic forces into consideration, the particle equation of motion can 
be written as: 

 slpgvmpppD
p FFFguuF

dt
ud

+++−+−= ρρρ /)()(  (9) 

where )( pD uuF −  is the drag force per unit particle mass and 24/3 ppepDD DRCF ρµ= , 

ppg ρρρ /)( −  is the buoyancy force term, vmF  is the virtual mass term (force required to 

accelerate the fluid surrounding the particle), pgF is the  pressure gradient term and slF  is the 

Saffman lift force [Saffman (1965)].  The Magnus lift force (resulting from particle rotation) 
and the Basset history force (the force accounting for the flow field unsteadiness) have been 
neglected.    The particle Reynolds number, Rep, and the drag coefficient, CD , are obtained 
from 
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where the a’s are constants given by Morsi and Alexander (1972) for smooth spherical 
particles over several ranges of Re.  Another equation that is frequently used for CD [Haider 
and Levenspiel (1989)] is given by  
 

 ( )
ep

epb
ep

ep
D Rb

Rb
Rb

R
C

+
++=

4

3
1

2124  (12)

 
where b1, b2, b3 and b4 are constants that depend on the volume and surface area of the solid 
particles.   

In the present study, the dominant forces are the drag and buoyancy forces since the other 
forces given in equation (9) are of small order of magnitude and can be neglected.  The 
particle velocity, pu , is first obtained by stepwise integration of the particle equation of 

motion (9) over a discrete time step. The particle trajectory is then predicted by integrating the 
simple equation   
 

  pu
dt

rd
= , (13) 

 
where r is the position vector. The above equation is integrated in each coordinate direction to 
predict the trajectories of the discrete phase. During the integration, the fluid phase velocity, 
u, is taken as the velocity of the continuous phase at the particle position. 

The boundary conditions considered when a particle strikes a boundary surface depends on 
the nature of that surface and it can be a reflection via an elastic or inelastic collision 
[Tabakoff and Wakeman (1982)] or escape through an open boundary. The trajectory 
calculations for some particles (normally very few) are terminated when the particles get 
trapped in the flow field.  This is found to occur when a particle circulates in a confined flow 
zone.  
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2.3   THE EROSION MODEL   

Erosion is defined as the wear that occurs when solid particles entrained in a fluid stream 
strike a surface. The previous experimental results [Davies et al. (1991) and Isomoto, et al. 
(1999)] show that the erosive wear-rate exhibits a power-law velocity dependence. The 
velocity exponent ranges from 1.9 to 2.5. The results also indicate that erosion depends on the 
angle of impact. The influence of the impact angle depends greatly on the type of material 
being brittle or ductile. Prediction of erosion in straight pipes, elbows and tees show the strong 
influence of fluid properties, sand size and flow velocity on the rate of erosion [Postletwaite 
and Nesic (1993) and McLaury and Shirazi (1998)]. The complexity of the erosion process 
and the number of factors involved made it difficult for obtaining an analytical formula that 
could be used to predict erosion under any condition.  Almost all of the formulae generated 
have therefore some degree of dependence on empirical coefficients provided by various 
experimental erosion tests. No definitive theory of erosion currently exists, however, a 
number of qualitative and quantitative models do exist. These were described by Finnie 
(1958) and Finnie et al (1992), Wang et al (1996), Keating and Nesic (2000), Edwards et al 
(2000) and Shirazi and McLaury (2000).   
 
The empirical erosion equations suggested by Neilson and Gilchrist (1968) were later used by 
Wallace et al. (2000) to correlate the experimental erosion data in order to develop an erosion 
modeling technique. Wallace et al. (2000) provided the following formulae that resulted in 
good accuracy when compared to previous experimental data: 
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where γ and σ are the cutting wear and deformation wear coefficients having the values 
33316.9 and 77419.7 respectively. In the present study, equations (14a,b) are used for 
calculating the erosion rate. 
 
Using the particle-tracking model, the impingement data (impact speed and angle) were first 
compiled for all particles impacting the solid boundaries of the flow domain. The compiled 
data were then used together with the erosion model (14a,b) for computing the erosion rate at 
different locations on the tube sheet. The erosion rate calculations were performed using 
equations (14a,b) via a FORTRAN subroutine that was linked to the CFD code. 
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3. RESULTS AND DISCUSSION 

The above-described model was used to calculate the rate of erosion in a pipe with sudden 
contraction for the two cases of upflow and downflow when the contraction ratio, d/D = 0.5 as 
shown in Figure 1.  The upstream pipe diameter is 200 mm and the considered average 
velocities of the approaching flow were 1 m/s, 5 m/s and 10 m/s.  The fluid considered is 
water at 20°C (ρ= 998 kg/m3 and µ= 1 mPa.s) which results in flow Reynolds number (based 
on the diameter of the large pipe, D) ranging from 5102 ×  to 6102 × .  The solid particles are 
considered sand particles of spherical shape with diameters 10 µm, 100 µm, 200 µm and 
400 µm.   

A number of investigations were first carried out in order to determine the critical erosion 
areas in the flow domain.  These investigations covered the entire ranges of flow velocity and 
particle diameter.  It was found that erosion occurs mainly in the contraction plate ABCD 
(which will be referred to as the tube sheet) shown in Figure 1 while being insignificant 
elsewhere.  Figure 2 shows the trajectories of a number of particles released at the same time 
at the inlet section of the flow field when the flow velocity is 10 m/s and the particle diameter 
is 400 µm.  The figure shows that almost all particle impacts occur on the flat surface ABCD 
while impacts on the pipe walls are insignificant. Accordingly, erosion data will be presented 
only at section ABCD.   

The variation of the local erosion rate on the tube sheet is shown in Figure 3 for the case of 
upflow.  This tube sheet has the shape of an annulus with inner radius, 50Rr ./ = , and outer 
radius, 01Rr ./ = , where R=D/2.  The erosion rates are obtained for each of the four particle 
sizes at each value of the inflow velocity as shown in Figures 3a-d.   The results indicate that 
for particles of small diameter )( m10Dp µ= , the erosion rate is negligibly small in the outer 

region of the annular plate )./.( 01Rr670 ≤≤  and reaches its maximum close to the entrance 
of the small pipe ( 50Rr ./ ≈ ) as shown in Figure 3a. The highest rate of erosion 
( gmgE /106.1 4−×≈ ) was found when the velocity of flow is maximum  (10 m/s) and 
decreases rapidly with the decrease of flow velocity until becoming negligibly small when the 
flow velocity reaches 1 m/s.  Although the rate of erosion increases with the increase of 
particle diameter as shown in Figures 3b-d, the trend is almost the same in the four cases.  
However, for large particle size )( m400Dp µ= , the region of negligible erosion for all flow 

velocities diminishes to )./.( 01Rr830 2 ≤≤ which is much smaller than that obtained in the 
case of small particle sizes.  The other interesting feature that is common in the four figures is 
the absence of erosion for all particle sizes in the entire flow domain in the case of low flow 
velocity (1 m/s).  Qualitatively, such behavior is in conformity with the erosion prevention 
criterion established by API (1981) in which a threshold velocity was set by the recommended 
practice API RP 14E for eliminating erosion.  Another criterion for the threshold velocity was 
developed by Salama and Venkatesh (1983) for erosion in elbows. 
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Figure 1. Flow passage geometry for the 
two cases of up-flow and down-flow. 

Figure 2. The trajectories of a number of particle 
released at the same time at the inlet section showing 
impact on the contraction plate for the case of downflow 
with Vi=10m/s and Dp=400 µm. 

The variation of the local erosion rate presented in Figure 3 can be explained on the basis of 
the streamline pattern plotted in Figure 4a for the case when the flow velocity is 5 m/s. The 
figure shows a recirculating flow region upstream of the contraction section and extending to 
the tube sheet (ABCD).  An enlarged view of that region is shown in Figure 4b.  The flow 
velocity in this region is very small and the presence of solid particles, if any, in such low 
velocity zone will cause negligible erosion in accordance with equations (14a,b). The figure 
also shows that this recirculating flow zone occupies the area on the tube sheet between 

01Rrand720Rr ././ =≈ .   This is approximately the same area characterized by negligible 
erosion in Figures 4a-d.  Moreover, the maximum erosion rate occurs in a region where the 
approaching flow has high velocity and large curvature.  Both effects will give rise to higher 
particle velocity that impacts the surface of the annular plate close to 50Rr ./ ≈ . These 
features are confirmed by the particle trajectories given in Figure 2 that clearly shows the high 
intensity of particle impact on the contraction plate in the region close to 50Rr ./ ≈ . The 
effect of flow velocity on the total rate of erosion occurring on the annular plate is presented 
in Figure 5 for the four different particle sizes.  The strong dependence of erosion on flow 
velocity is very clear in the figure.  From the obtained results, it is also clear that there is a 
threshold velocity, Vt, below which erosion is insignificant.   

The erosion rates obtained for the downflow case are presented in Figure 6 for the same 
particle diameters and inlet flow velocities.  The results are almost the same as those obtained 
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in the upflow case except in Figure 6d (Dp=400 µm) that shows higher rate of erosion (≈50% 
increase) at a flow velocity of 5 m/s.  It is quite expected that the effect of gravity on particle 
motion becomes significant at low flow velocities. However, such effect did not influence the 
rate of erosion at the lowest flow velocity (1 m/s) because such velocity is considerably below 
the threshold velocity, Vt.  On the other hand, the flow velocity of 5 m/s is definitely above 
the threshold velocity (see Figure 6) and the effect of gravity becomes sensible.  A quick 
comparison of the data presented in Figures 3 and 6 shows that the effect of gravity on the rate 
of erosion is very small in the case of high inlet flow velocity (10 m/s) for all particle sizes.  
This can be explained based on the fact that the relative contribution of gravity to the motion 
of solid particles gets smaller with the increase of flow velocity.  Figure 7 shows the variation 
of the total erosion rate at the contraction section with flow velocity for different particle 
sizes.  Although the trends are the same as in Figure 5 the values obtained are slightly 
different especially in the case of moderate flow velocity (5 m/s) and large particle size 
(Dp=400 µm).   

 

4. CONCLUDING REMARKS 

The problem of erosion in a vertical pipe with sudden contraction was investigated for the 
special case of two-phase turbulent flow with low particle concentration. The flow was either 
in direction of gravity (downflow) or against it (upflow). The study focused on the effects of 
flow velocity and particle size and was limited to one contraction geometry and one fluid.  
Two mathematical models were used; one for the determination of the fluid velocity field and 
the other for the solid particle trajectory in addition to an erosion model that was used to 
predict the erosion rate. The flow velocity in the large pipe ranged from 1 m/s to 10 m/s and 
the particle size ranged from 10µm to 400 µm.  In these ranges, the results showed the strong 
dependence of erosion on both particle size and flow velocity but with little dependence on 
the direction of flow.  The effect of flow direction was found to be significant only for large 
particle size (400 µm) and moderate flow velocity (5 m/s).  The erosion critical area was 
found to be the inner surface of the tube sheet (connecting the two pipes) in the region close to 
the small pipe.  The results also indicated the presence of a threshold velocity below which 
erosion is insignificant for all particle sizes.   
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NOMENCLATURE 

b constant defined in equation (12) 

CD drag coefficient 

µC  constant defined in equation (4) 

1C  constant defined in equation (6) 

2C  constant defined in equation (8) 

*
2C  constant defined in equation (6) 

d pipe diameter at exit 

D pipe diameter at inlet 

Dp Solid particle diameter 

E Erosion rate, mg/g 

F force 

kG  generation of turbulent kinetic energy 

g gravitational acceleration 

k turbulent kinetic energy 

p pressure 

Rep particle Reynolds number 

jU  average velocity component 

u  fluid velocity vector 

uj fluctuating velocity component 

up particle velocity 

Vi Flow inlet velocity 

Vt Threshold “erosional” velocity 

up particle velocity 

xj space coordinate 

t time 

 

Greek letters 

α impact angle 

ε dissipation rate of turbulent kinetic 
energy 

µ dynamic viscosity 

ρ density 

kσ  effective Prandtl number for k 

εσ  effective Prandtl number for ε 

 

Superscripts 

•  time rate 

 time average 

 

Subscripts 

 

D drag 

f fluid 

sl Saffman lift 

lc local 

m target material 

p particle 

pg pressure gradient 

vm virtual mass 
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Figure 3. The radial variation of the local erosion rate on the contraction plate (ABCD) for the 
case of upflow: a) Dp= 10 µm, b) Dp= 100 µm, c) Dp= 200 µm, d) Dp= 400 µm. 
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Figure 5. The effect of inlet flow velocity on the total rate of erosion occurring on the tube sheet for 

different particle diameters in the case of upflow. 

 

 

 

Figure 4a. The streamline pattern for the case 
of Vi=5m/s. 

Figure 4b. An enlarged view of the circulatory 
flow zone at the contraction region – case of 
Vi=5m/s. 
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Figure 6. The radial variation of the local erosion rate on the contraction plate (ABCD) for the 
case of downflow: a) Dp= 10 µm, b) Dp= 100 µm, c) Dp= 200 µm, d) Dp= 400 µm. 
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Figure 7. Effect of inlet flow velocity on the total rate of erosion occurring on the tube sheet for 

different particle diameters in the case of downflow. 
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